ERRATUM TO "HOMOLOGICAL ALGEBRA OF 
HOMOTOPY ALGEBRAS" 

V. HINICH 

Abstract. Theorem 6.1.1 of H on the existence of a model 
structure on the category of operads is not valid in the general- 
ity claimed. We present a counter-example (due to B. Fresse) and 
a corrected version of the theorem. 



1. 

1.1. In HJ we claimed the following result which turned out to be 
partly wrong (see the counterexample below). 

Let k be a commutative ring. Let C(k) denote the category of com- 
plexes over k and Op(C(fc)) the category of operads in C{k). 

(Erroneous) Theorem 6.1.1 of jHj. The category of operads 
Op(C(k)) admits a closed model category structure with componentwise 
quasi-isomorphisms as weak equivalence and componentwise epimor- 
phisms as fibrations. 

1.2. Recall that a morphism 0' of operads is called a cofibra- 

tion if it can be presented as a retract of a direct limit 

= -0i ••• 



where n +i is obtained from n by joining a collection of free variables 
Xi with prescribed values of the differentials dxi G n . 

The axioms of model category include two types of factorization 
for morphisms and two types of lifting properties. One half of these 
properties, namely, the lifting property for cofibrations with respect 
to the acyclic fibrations, as well as decomposition of any morphism 
into a cofibration followed by an acyclic fibration, is very easy and is 
valid with no restriction. In particular, any operad in C(k) admits a 
cofibrant resolution. The other half of the properties can be deduced 
if one knows that the map (FIJ below is a quasi-isomorphism. 



1.3. Let be an operad and let M = cone (id&)[z] be a shifted cone 
of id*;. Let F(M,n) denote the free operad generated by the collection 
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M of n-ary operations. Consider the natural map 

(1) i:0^0[]F(M,n). 

In order to establish the existence of the model category structure 
mentioned above, one has to check that ([T} is a quasi-isomorphism. 

2. 

The following counterexample to |H] . Theorem 6.1.1, due to B. Fresse, 
has been communicated to the author by C. Berger. 

Let COM be the operad for commutative algebras and let M e C(k). 
Put = C0M(M, 0) = COM ]J F(M, 0). The algebras over are the com- 
mutative algebras A endowed with a map of complexes M — > A. There- 
fore, these are the same as commutative S'(M)-algebras and 0(0) = 
S{M). 

We see that outside of the characteristic zero case joining a con- 
tractible complex M to an operad does not necessarily give a quasi- 
isomorphic operad. 

3. 

Fortunately, the counterexample presented above is in a sense the 
worst possible case. More precisely, the following fact takes place in- 
stead of [Hj, 6.1.1. 

3.1. Proposition. Let 6 0p(C(/c)). Let M = cone (idfc)[s] and let n 
be a non-negative integer. Then the natural inclusion of operads 

^0[]F(M,n) 

is a componentwise quasi-isomorphism, provided either 

(i) 0(0) = andn > 
or 

(ii) kDQ. 

This implies the following results on model structure for 0p(C(fc)). 

3.2. Theorem. Let k D Q. Then the category of operads in C(k) 
admits a model structure with componentwise quasi-isomorphisms as 
weak equivalences and componentwise epimorphisms as fibrations. 

3.3. Theorem. Let k be arbitrary commutative ring. The category of 
operads in C(k) satisfying 0(0) = admits a model structure with 
componentwise quasi-isomorphisms as weak equivalences and compo- 
nentwise epimorphisms as fibrations. 
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3.4. Remark. A very powerful method of proving the existence of 
model structure on the category of operad is suggested by C. Berger 
and I. Moerdijk in |BM] . 

Their method allows one to prove the existence of such structure for 
the operads with 0(0) =0 in any monoidal tensor category £ satisfying 
the following properties. 

• £ is cofibrantly generated and its unit is cofibrant. 

• £ has a symmetric monoidal fibrant replacement functor. 

• £ admits a commutative Hopf interval. 

All conditions are fulfilled if £ is the category of complexes, so this 
result is more general than our Theorem 13.31 

Similarly, in the case £ admits a commutative and cocommutative 
Hopf interval, C. Berger and I. Moerdijk are able to prove the existence 
of model category structure as above on the category of all operads in 
£. 

Unfortunately, the case 0(0) = is not mentioned in |BMj . 

Instead of that, C. Berger and I. Moerdijk work with what they call 
reduced operads. A reduced operad should mean an operad endowed 
with an operad map a : COM such that a(0) is an isomorphism. 

4. Proof of Proposition 13.11 

We will describe the operad ]J F(M, n) using trees. 

Here a tree is a finite oriented graph T = (V, A, s, t) with the set 
of vertices V, the set of arrows A, the source and the target maps 
s, t : A — > V, such that the conditions listed below are satisfied. 

• The graph T is connected. 

• there exists a unique vertex v (root) with no outgoing arrows. 

• Each v v o admits a unique outgoing arrow. 

We denote \v\ = #s -1 (t>). The set of initial vertices is 
Init (T) = {v eV\ \v\ = 0}. 

An (r,n) -marking of the tree T consists of an injective map arg : 
{1, . . . , r} — > Init (T) with the image denoted Arg (T) (this will cor- 
respond to an ordering of the arguments in an r-ary operation), and 
a subset S of the set of vertices having valence \v\ = n. The vertices 
from S describe the slots for the elements of M. Note that the vertices 
in Init (T) \ Arg (T) are the slots for 0-ary operations. 

A marked tree T is called reduced if for each arrow a G A either 
s(a) G S or s(a) G Arg (T) or t(a) G S. 

Let (T, arg , S) be a marked reduced tree and let Aut (T, arg , S) (or 
simply Aut (T)) denote the automorphism group of (T, arg , S). 
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We define 

(2) 0(M,n) T = (g) 0(\v\) ®M® |5| /Aut (T). 

ueV\S\Arg (T) 

We claim that 0[]F(M,n)(r) is the direct sum of 0(M, n)? over 
all (isomorphism classes of) (r, n)-marked reduced trees. 

It remains to note that if 0(0) = and n > 0, reduced marked trees 
have no automorphisms, and if k D Q, all components corresponding 
to non-empty S, are contractible. 

5. 

We know two instances where Theorem 6.1.1 from [H] was used in 
an essential way. In the first, |H3j . 4.2.1, a version of Homology per- 
turbation lemma is given. Since the condition char (k) = is assumed 
throughout [H3j, the result remains true. 

Another usage of Theorem 6.1.1 from [H] is in the application of the 
main theorem of |H2j to realization of homotopy types. 

The main idea in |H2j . Sect. 5 was to choose a cofibrant resolution 
of the Eilenberg-Zilber Z instead of Mandell's E^o-operad to make sure 
the corresponding category of algebras admits a model structure. 

As we noticed in II .21 any map of operads — > 0' can be factored as 



where i is a cofibration and p is an acyclic fibration (i.e. surjective 
quasi-isomorphism) . This is enough for the existence of cofibrant res- 
olutions, as well as for the proof of Lemma 5.2.3 of |H2j . 

Thus, the results of |H2j do not depend on the model structure on 
the category of operads. 
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